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Set of exercises 2

Exercise 1. Let Gn the subset of N defined as Gn = {0, 1, 2, 3, · · · , n− 1} on which we define the law
of composition:

∀x, y ∈ Gn, x⊕ y = s with s : the rest of the euclidean division of (x+ y) by n.

1. Verify that (Gn,⊕) is an abelian group.

2. We choose n = 10

(a) Calculate 4⊕ 8; 3⊕ (−7)

(b) Resolve in Z10 the equation: x⊕ 3 = 1

Exercise 2. Let (E, ∗) be a group. We define the center of E:

Z(E) = {x ∈ E : ∀y ∈ E, x ∗ y = y ∗ x}

1. Show that Z(E) is a subgroup of (E, ∗)

2. Is Z(E) abelian?

Exercise 3. Let (R \ {−3}, ∗) be a group with ∗ defined as: a ∗ b = ab+ 3(a+ b+ 2)
Let f : (R \ {−3}, ∗) → (R∗, .)

x 7→ x+ 3

1. Show that f is a group homomorphism.

2. Calculate using two different ways the identity element e and the inverse x−1.

Exercise 4. Let f : (E, ∗) → (F,∆) be a group homomorphism.
We define the kernel of f as:
ker(f) = {x ∈ E : f(x) = e2} with e2 is the identity element of (F,∆).

1. Prove that ker(f) is a subgroup of (E, ∗).

2. Show that: f injective⇔ ker(f) = {e1} with e1 is the identity element of (E, ∗).
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Exercise 5. Let Gn the subset of N defined as Gn = {0, 1, 2, 3, · · · , n − 1} on which we define two
laws of composition:

∀x, y ∈ Zn, x⊕ y = s with s : the rest of the euclidean division of (x+ y) by n.
x⊗ y = p with p : the rest of the euclidean division of xy by n

1. Verify that (Gn,⊕,⊗) is a commutative ring.

2. We choose n = 10

3. Calculate 2⊗ 9; 9−1 ⊕ 5; 3−1 ⊕ 6; 32; 72

4. Resolve in Z10 the following equations:
(3⊗ x)⊕ 5 = 0
x2 ⊕ 1 = 0

Exercise 6. Let (E,+,×) be a ring.
We say that x is nilpotent if ∃n ∈ N∗ such that xn = 0.
Prove the following statements:

1. (x nilpotent) ∧ (xy = yx) ⇒ xy nilpotent

2. xy nilpotent⇒ yx nilpotent

Exercise 7. we define Q[
√
2] = {a+ b

√
2/a, b ∈ Q}

1. Show that
(
Q[

√
2],+,×

)
is a subring of (R,+,×).

2. Deduce that
(
Q[

√
2],+,×

)
is a field.
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