Rational fractions

Definition 48. A rational fraction is any expression of the form: F = L

with P,Q € K[X] and @ # 0. The set of rational fractions is denoted K (X).
deg(F) = deg(P) — deg(Q)

if deg(F) < 0, F is said to be proper, otherwise F is called improper.

X2 -3X+2

Definition 49. Let F' € K(X) be a rational fraction. We call the irreducible form of F the pair
(A, B) with F = % and GCD(A,B) = 1.

7X2—3X+27P(X)
X3 -2X+1 0 Q(X)
We are looking for the common roots: o> —3a+2=0=a; =1and ay =2
Q(1)=0and Q(2) # 0 = (X — 1) divides P and Q

_ X-1)(Xx-2  X-2  AX)
:>F(X)_(X—l)(X2+X—1)_X2+X—1_B(X)

Example 46. F'(X)

with GCD(A, B) = 1

Partial-Fraction Decomposition in R(X)

Definition 50. A partial fraction in R(X) is one of the following:
+ Any monomial of R[X].

+ Any rational fraction of the form:

+ Any rational fraction of the form:

X+ .
mwnh k,aeR,peN*andc® —4d <0

Theorem 18. Any rational fraction is uniquely written as the sum of partial fractions of R(X).
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Example 47. Decompose F(X) = into partial fractions in R(X)

X2-X-2
X3 X2-X -2
X3 —X?2 -—2X X+1
X? +2X
X2 X =2
3X 42
X3 (X+1)(X?-X—-2)+3X +2
XP=(X+1)(X2=-X-2 3X+2)= =
3X +2
= X414+ i

X2-X-2




Example 48. Decompose F(X) =

X2—X —2=(X+1)(X -2)
3X +2 3X +2 Ky ks

X2-X-2 (X+D(X-2) X+l X2

Calculation of &,

3X +2 ky ks
Trnx X = gD+ x5+
3X+2 ko(X + 1)
= <3 _k1+ﬁ
3(=1) +2 ka((=1) +1) 1
:—1 —_ 7 = v\~ T _ =
A e A S e
Calculation of ks
3X+2 kl kg
(XTD(X o) 9~ X -2 X -2
TR S S IS R o (e
3X+2 k(X -2
X+1  X+1 + ko
32)+2  k(2-2) S
X=2 — _8
Conclusion:
X3 1 3
-x— s Ty
X2

X X1 into partial fractions in R(X)

X3 aX +0b k1

X3_X2 X_1:X2 (X -1 F = =
’ S )= (XZ+1)(X -1) X2+l x_1

Calculation of &,

X2 aX +0b k1
X-1)=1 -1 X -1
SEEs S s CR R LS A s L
X? aX +b
= ~1
M CEN X2+1(X )+ k1
12 a+b 1
Calculation of a, b
X2 aX +b k1
X2 1:7X2 1 X2 1
(X2+1)(X—1)( +1) X2+1( +)+X_1( +1)
:>X72_(CLX+I))+ kl (X2+1)
X-1 X -1
. iz . kl .9 1 1. ) 1
sz?i_lf(az+b)+2,_l(z +1):>§+§zfaz+b:$a7bf§
Conclusion:

X X +3 3 X +1 1
(X2+)(X-1)  X?4+1 X -




X442

Example 49. Decompose F(X) = (X211

into partial fractions in R(X)
X442 B k1 ko a1 X + by as X + by

F(X)=-——- "2 21, ™
(X) X2(X2+1)2 X ' X? ' X241 (X241

Note that F(X) = F(—X) with:

—k1 ko —a1 X +b; —a9 X + by
F(-X)=—2*4+2

=% *xt X211 T xere

By identi?ﬂcation, (I;:l =—-k cbtl =—a @=—-ar=ki=a1=a3=0
FX) =35+ 5t 1y
Calcuiation of ks
%XQ = BX X (Xb+1)X
4
> GratE ~ Rt e et

x=0=[k=7]

Calculation of b,
X442

by bo

ko
X2 01)2 = 22 (x211)2 2 2 2 2
X2(X2+1)2( b XQ( +)+X2+1(X le)JF(X2+1)2(X b
X4+2 k‘g
:TZF(X2+1)2+I)1(X2+1)+I)Q
N 2
ie T2 e[
Xt 42 _ 2 by 3
X2(X241)2 X2 X241 (X2+41)2
Calculation of b;
1142 2 by 3 3 by 3
X=1= 50 == — S=24+ -2
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sh=2(3-243) = [h="1

X4+2 2 1 3
X2(X2+1)2 X2 X241 (X2+41)2




