Roots of a polynomial

Definition 42. Let P € K[X] a € K is said to be a root of P if and only if P(a) =0
Proposition 4. (X — «) divisor of P < P(a) =0

Theorem 11. Let P € K, [X] with P(X) =ag + a1 X' + - + a1 X" + a, X"
and o = % cQwithanb=1
P(a) = 0 = alap and bla,

n—1 n
ot () <0 (8) s (5w (3]
Multiplying both sides by o™, we get:
aph” + a1ab” ' 4+ +a,_1a" b+ aa® =0
= agh" = —(ayab”t + -+ a,_1a" b+ a,a®)
= —a(a " '+ +a,_1a"%b + a,a™ )
a divides agb™ and a A b = 1, thus a divides ag.

On the other hand,
ana™ = —(aph™ + a1ab™t +- - +a,_1a" b+ ana”) = —b(agh” "t +arab" 2 +---+a,_1a"?t)
b divides a,,a™ and a A b = 1, thus b divides a,,.

O

Example34. P(X) =X+ X3 - X2+ X —2
Let @ = a/b be a potential root of P. Then,
a divides ag = a divides — 2
b divides a4 = b divides 1
We choosea=1landb=1=a=1
We choosea=—-2andb=1= o= -2
P(1)=P(-2)=0

Q(X)=2X3-3X24+3X —1

Let @ = a/b be a potential root of P. Then,
a divides ag = a divides — 1

b divides a3 = b divides 2

Wechooseazlandb:2:>a:%
1
P <2> =0
Root multiplicity
Proposition 5. (X — o)™ is a divisor of P < [P(a) = PW(a) = PP (a) = = PMm~D(a) = 0]
Example35. P(X) = (X +1)(X —2) = X® -3X —2

P(-1)=0 PW(-1)=3(-1)2-3=0
We conclude that (X + 1)2 divides P.

Definition 43. Let P € K[X] o € Kand m € N*
If (X —a)™ divides P and (X —a)™*! is not a divisor of P, we say that « is a root of multiplicity
m and we denote mult(a) = m




Theorem 12. muit(a) = m < P(a) = PM(a) = PP (a)=--- = P D(a) =0
and P (a) #0

Example36. P(X)= (X +1)3(X —2)=X3-3X -2  mult(-1) =2 mult(2) =1
P(-1)=0 PW(-1)=3(-1)2-3=0 P@(-1)=6(-1)#0
We conclude that o = —1 is a root of multiplicity 2

Theorem 13. All roots of @ (counted with their multiplicity) are also roots of P < Q|P

Example37. Let P(X) = X?"t1 4+ 1 Q(X)=X+1 S(X)= (X +1)2
Q(-1)=0 P(-1)=0=Q|P
P(X)=02n+1)X?*" = P'(-1) = (2n+1)(—-1)>" =2n+ 1 # 0 = S is not a divisor of P

Factorization for polynomials

Definition 44. A non-constant polynomial P € K[X] is said to be irreducible if and only if it
cannot be expressed as a product of two polynomials of lower degree.

remark

1. In R[X], irreducible polynomials are polynomials of degree 1 and polynomials of degree 2
with A < 0.

2. In C[X], the only irreducible polynomials are polynomials of degree 1.
Example38. P(X) = X2?+1 Pisirreducible on R[X]and notin C[X]

Theorem 14. Every polynomial P of K[X] is either irreducible or can be uniquely expressed as a
product of irreducible polynomials of K[X].
This process is called factorization of P

remark

PeClX]= P(X)=MX —a1)"(X —ap)™--- (X —ap)™
PeRX]=PX)=AX —a1)"(X —az)" (X —ap)( X2+ 0, X + )"
(X2 402X +co)k2 o (X2 + b, X + cg)Fe with A; = b2 — 4¢; < 0

Example39. P(X) = X3 - X2+ X —1
First, we factorize P on R[X].
P(1)=0= (X —1) divides P

X3 —-X? +X -1| X-1
X3 —X? XZF1
X -1
X -1
0

P(X)=(X-1)(X2+1)

Let us now factorize P on C[X], in fact we still have to factorize X2 + 1
X?+1=0=>X?=-1=X=iouX=—i=X2+1=(X+i)(X —1)
PX)=(X-1)(X+i)(X —1i)




Example 40. P(X) = X* + 1

First, we factorize P on R[X].
PX)=X*4+1=(X*+2X24+1)-2X%= (X2 +1)? - 2X?
P(X) = (X2 +V2X +1)(X? - V2X + 1)
Now, we factorize P on C[X].

—v2 21 —V2 =21
A1:2—4:2i2$a1: \/724,\/72 L= f2 \/71

2 21 — V2
A2:2—4:2i2:a3:% a_%

P(X) = (X —a1) (X —a2) (X — a3) (X — a4)

P(X) = <X+\/§2ﬂi> <X+\/§J;\/§i> <X—ﬂzﬁi> (X—\[2ﬂi>

Definition 45. A polynomial P € K[X] is said to split over the field K if:

P(X)=o[[(X — i), with o, z; € K

Example 41. X* + 1 splits over C but does not split over R.




